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Abstract

The influence of viscous dissipation on thermally fully-developed, electro-osmotically generated flow has been an-

alyzed for a parallel plate microchannel and circular microtube under imposed constant wall heat flux and constant wall

temperature boundary conditions. Such a flow is established not by an imposed pressure gradient, but by a voltage

potential gradient along the length of the tube. The result is a combination of unique electro-osmotic velocity profiles

and volumetric heating in the fluid due to the imposed voltage gradient. For large ratio of the microtube radius (or

microchannel half-width) to Debye length, the wall-normal fluid velocity gradients can be extremely high, which has the

potential for significant viscous heating. The solution for the fully-developed, dimensionless temperature profile and

corresponding Nusselt number have been determined for both geometries and for both thermal boundary conditions. It

is shown that three dimensionless parameters govern the thermal transport: the relative duct radius (ratio of the duct

radius or plate gap half-width to Debye length), the dimensionless volumetric source (ratio of Joule heating to wall heat

flux), and a dimensionless parameter that relates the magnitude of the viscous heating to the Joule heating. Surprisingly,

it is shown that the influence of viscous dissipation is only important at low values of the relative duct radius. For

magnitudes of the dimensionless parameters which characterize most practical electro-osmotic flow applications, the

effect of viscous dissipation is negligible.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

Fluid transport in channels of hydraulic diameter of

order 100 lm has found importance in a number of

emerging technologies in micropower generation, ther-

mal control of electronic devices, cell analysis and other

biomedical diagnostic techniques. At these physical

scales, generating fluid motion in the tube presents

challenges. Pressure-driven flow technology requires

significant pressures, and while micropumps exist suit-

able for use at such pressures [1–3], they are difficult to

manufacture and maintain [1], and lack the precise

control that is often needed in microfluidic applications

[4]. Electro-osmotic flow generation has been suggested

as a viable alternative to pressure-driven liquid flow at
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the microscale, with better flow control and no moving

parts. Several investigators have reported on electro-

osmotic pump systems [5–9]. Capillary electrophoresis is

a chemical separations technique that utilizes electro-

osmotically driven flows [10].

Electro-osmosis is the bulk movement of liquid rela-

tive to a stationary surface due to an externally applied

electric field, and was first observed and reported by

Reuss nearly two centuries ago [11]. Most solid sub-

stances will acquire a relative electric charge when in

contact with an aqueous electrolytic solution, which in

turn, influences the charge distribution in the solution.

Ions of opposite charge (counterions) to that of the

surface are attracted towards the surface and ions of the

same charge (coions) are repelled from the surface as

shown in Fig. 1a. The net effect is the formation of a

region close to the charged surface called the electric

double layer (EDL) in which there is an excess of coun-

terions over coions, and which are distributed in a diffuse

manner [12]. The charge distribution in the fluid therefore
ed.

mail to: webb@byu.edu


Nomenclature

a tube radius or channel gap half-width

C fluid specific heat

Dh channel hydraulic diameter

Ee total Joule heating per channel length

Ev total viscous heating per channel length

ie conduction current density

k thermal conductivity

kb Boltzmann constant

Nu Nusselt number, hDh=k
r radial coordinate

R normalized radial coordinate, r=a
q00w wall heat flux

se volumetric Joule heating

S dimensionless Joule heating parameter,

sea=q00w
Sv dimensionless viscous heating parameter,

lu2eo=sek
2

T absolute temperature

Tm mixed mean temperature

Tw channel wall temperature

u local fluid velocity

ueo maximum possible electro-osmotic velocity

�uu average velocity

U normalized local velocity, u=�uu
U eo normalized average velocity, �uu=ueo
w parallel plate channel width

x streamwise coordinate

y wall-normal coordinate

Y normalized wall-normal coordinate, y=a
Z relative duct radius, a=k

Greek symbols

e fluid dielectric constant

U applied potential field

l fluid dynamic viscosity

leo electro-osmotic mobility

q fluid density

r liquid electrical resistivity

h normalized temperature

hw normalized wall temperature

k Debye length

f wall zeta potential

Fig. 1. Schematic illustration of electro-osmotically generated flow.
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falls from its maximum near the wall (characterized by

what is termed the zeta potential) to a zero charge in the

fluid core (for large enough tube radius). The thickness of

the EDL is characterized by the Debye length, which is

the wall-normal distance over which the net charge has
decreased from the charge magnitude near the tube

surface to 1=e (37%) of the surface charge. As an exam-

ple, glass and fused silica capillaries carry dissociable

silanol groups on the surface, and are therefore nega-

tively charged when adjacent to polar liquids. Other
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weak electrolyte solutions also exhibit such characteris-

tics. The positively charged cations and solvent mole-

cules strongly adsorbed at the wall remain stationary

under the influence of an electric potential in the

streamwise direction, while the mobile cations in the

EDL very near the tube walls will migrate toward

the cathode due to the excess charge in the layer. This

gives rise to a concentrated fluid body force near the tube

walls as illustrated in Fig. 1b. Viscous shear forces

transmitted from the EDL to the tube center pull the core

fluid towards the cathode as well. The resulting electro-

osmotic flow velocity distribution is a function of the

ratio of the hydraulic radius to the Debye length. When

the capillary radius is much larger than the Debye length,

the resulting velocity profile exhibits a near-uniform

distribution in the tube core, decreasing to the no-slip

condition in a very thin fluid layer near the tube wall

(layer thickness < 1 lm). At the other extreme, when the

capillary radius is of the same order as the Debye length,

the flow exhibits a maximum in velocity near the tube

centerline gradually decreasing toward the wall, more

nearly like that of classical pressure-driven flow.

Of course, the total electro-osmotic flow rate in the tube

is a function of the electro-osmotic characteristics of the

tube/fluid combination (electro-osmotic mobility), tube

radius (relative to Debye length), imposed voltage po-

tential, fluid viscosity and permittivity, electrolyte con-

centration, etc. Generally speaking, the total induced

flow rate is inversely related to the Debye length, vis-

cosity, and electrolyte concentration, and is proportional

to the imposed axial voltage gradient. At these physical

scales and for some conditions, the resulting wall-normal

gradients of axial velocity are extremely high––of order

104–105 s�1 for pure water in a 250 lm diameter micro-

tube with an applied voltage gradient of 200 kV/m. It has

long been suspected that the viscous heating resulting

from such high velocity gradients can have a significant

impact on the fluid temperature distribution.

The fluid dynamics of electro-osmotically generated

flow are significantly different from traditional pressure-

driven flow, and therefore, the thermal transport dy-

namics are expected to be quite different as well. The

applied driving voltage gradient and its induced electric

conduction current establishes Joule heating in the fluid,

resulting in volumetric energy generation therein. The

magnitude of the thermal energy source has significant

influence on the temperature distribution and heat

transfer. These phenomena, coupled with the viscous

dissipation effects described in the foregoing paragraph,

result in fully-developed thermal transport that is both

interesting and complex. Even though the hydrodynamic

development region for microchannels has been shown

to be approximately four times longer than for tradi-

tional pressure-driven flow [13], a fully-developed con-

dition is likely to prevail over the majority of the channel

length.
Several analytical studies have appeared in the liter-

ature describing the hydrodynamics of fully-developed

electro-osmotic flow through circular and rectangular

channels. Specifically, several early papers report on

electro-osmotic velocity distributions and the associated

momentum transport in capillaries as a function of

channel diameter-to-Debye length ratio [14–16]. More

recent hydrodynamic studies have explored the effects on

the velocity field due to streamwise gradients in the

electrical conductivity [17], the transient response of the

velocity field to a suddenly applied voltage gradient [18],

the entry region flow field development [13,19], and ef-

fects of variations in the wall zeta potential on the ve-

locity profile characteristics [20,21]. Additionally, some

experimental studies have reported on the velocity pro-

file characteristics associated with fully-developed elec-

tro-osmotic flow in very long circular and rectangular

channels [22–27].

With regards to characterization of the convection

heat transfer associated with electro-osmotic flow, rela-

tively little prior work has appeared in the literature. Li

and coworkers have explored electrokinetic effects in-

duced in a pressure-driven flow on the frictional and

heat transfer characteristics for both round and rectan-

gular microchannels [28–30]. They report that the re-

sulting induced electrokinetic potential results in a

reduced flow rate, a greater friction factor, and a re-

duced Nusselt number from the classical laminar pres-

sure-driven flow scenario. There also exists some early

work exploring the effect of volumetric energy genera-

tion on thermal development in channels under pres-

sure-driven flow conditions [31,32]. Other investigators

have explored the influence of Joule heating on efficiency

in capillary electrophoresis [33–36]. The fully-developed

thermal transport for constant-property electro-osmotic

flow in circular microtubes and parallel plate micro-

channels was previously explored for the case of negli-

gible viscous heating [37]. The normalized temperature

distributions and resulting Nusselt numbers were found

to be a function of the microchannel relative radius

(ratio of channel radius to Debye length) and dimen-

sionless volumetric source (due to Joule heating). Ad-

ditionally, thermally fully-developed heat transfer has

been explored for combined electro-osmotic and pres-

sure driven, constant-property flow in a circular micro-

tube under imposed constant wall heat flux boundary

condition [38]. Such a flow is established by the combi-

nation of an imposed pressure gradient and voltage

potential gradient along the length of the tube. Possible

scenarios include opposing and assisting pressure and

voltage gradients.

No studies have appeared in the literature that spe-

cifically address the influence of viscous heating on the

fluid temperature distributions and convective heat

transport characteristics for purely electro-osmotically

driven flow. This study presents solutions for thermally
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fully-developed electro-osmotic flow in circular and

parallel plate microchannels (based on previously re-

ported velocity distributions) for both constant wall heat

flux and constant wall temperature boundary condi-

tions. Conditions for which viscous dissipation exercises

influence on the temperature distribution are identified.

The analysis assumes no pressure-driven component to

the velocity field and constant fluid properties (electrical

and thermal conductivity, viscosity, electro-osmotic

mobility, etc.). Also, the wall zeta potential is assumed

to be constant and less than 3kbT such that the Debye–

H€uuckel linearization holds [12]. The total electrical cur-

rent drawn in electro-osmotically generated flow consists

of two components, the so-called conduction and con-

vection currents. Joule heating in the fluid arises from

the conduction current only and may be safely modeled

using Ohm’s law [15]. Further, this energy generation is

distributed uniformly across the tube or channel cross-

section for low zeta potential (as imposed here) [16],

whereas the viscous heating results in spatially non-

uniform energy generation.
2. Hydrodynamic considerations

Consider fully-developed flow of an incompressible

fluid in a microchannel (circular or rectangular of infi-

nite width) with coordinates defined in Fig. 2, where the

flow is driven electro-osmotically (in the absence of ap-

plied pressure gradient). For low wall potential, the

Debye–H€uuckel linearization is valid [12], and the excess

charge distribution may be expressed explicitly as a

function only of the zeta potential, the Debye length k,
and the wall-normal coordinate y. For such a scenario,

the momentum equation may be solved subject to

boundary conditions reflecting no slip at the wall and

zero shear stress at the centerline, yielding fully-devel-

oped electro-osmotic velocity distributions for the par-

allel plate and circular tube, respectively, as [12,14]

u
ueo

¼ 1� YZe�Z � e�YZ ðY 6 1Þ ð1Þ

and

u
ueo

¼ 1� I0ðZRÞ
I0ðZÞ

ð2Þ
Parallel plate channel

2a
y

x

Circular tube

2ax
y (r)

Fig. 2. Definition of coordinate system and dimensions for

parallel plate channel and circular tube.
Y (¼ y=a for the parallel plate channel) or R (¼ r=a for

the circular tube) is the non-dimensional wall-normal

coordinate, Z is the relative duct radius (ratio of tube

radius or gap half-width to the Debye length, a=k), and
I0 is the modified Bessel function of the first kind of

order 0. The Debye length is a function of the electro-

chemical characteristics of the liquid/tube interface, and

is rather difficult to measure. It may be estimated from

the relation k ¼ ðeRT=2F 2z2cÞ1=2 where e, T , R, and F are

the fluid permittivity, absolute temperature, universal

gas constant, and Faraday’s constant, respectively [12].

The parameters z and c are the valence number and

average molar concentration of ions in the liquid solu-

tion. The expression reveals that the Debye length may

vary nominally between 1 and 1000 nm. For large Z the

size of the electric double layer or region of excess

charge (and corresponding source of fluid momentum)

is relatively small. Conversely, for Z < 1 the double

layer thickness is smaller than the channel radius and

the region of excess charge (and source of fluid mo-

mentum) is approximately uniformly distributed over

the entire channel. The term ueo ¼ ðef=lÞdU=dx repre-

sents the maximum possible electro-osmotic velocity for

a given applied potential field, where leo ¼ ef=l is often

termed the electro-osmotic mobility of the liquid [39].

For large Z ðZ > 500Þ Eqs. (1) and (2) reduce to

u=ueo ¼ 1 which is the classical Helmoltz–Smoluchowski

equation [12].

Integration over the duct cross-sectional area yields

the normalized average velocities expressed as

�uu
ueo

¼ 1� Ze�Z

2
þ e�Z

Z
� 1

Z
ð3Þ

and

�uu
ueo

¼ 1� 2I1ðZÞ
ZI0ðZÞ

ð4Þ

for the two configurations, respectively. I1 is the modi-

fied Bessel function of the first kind of order 1. Eqs. (3)

and (4) show that for increasing Z the average velocity

increases toward the maximum electro-osmotic velocity,

ueo, for both configurations.

Profiles of the normalized local velocity, u=ueo, are
shown in Fig. 3 for the parallel plate and circular ducts

for Z varying between 0.3 and 300. These represent

reasonable limits on Z for practical electro-osmotic flow

applications. As stated previously, the Debye length k is

fixed by the electrochemical characteristic of the fluid-

channel interface [12]. Large values of Z arise when the

Debye layer occupies a very small portion of the channel

cross-section. Thus, for Z ! 1, the velocity profiles

shown in Fig. 3 exhibit slug-like behavior with a very

thin boundary layer at the wall. Conversely, small val-

ues of Z arise when the Debye layer is of the same



Fig. 3. Normalized electro-osmotic velocity distributions in a

parallel plate channel and circular tube for Z ¼ 0:3, 3, 30, and

300.
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physical scale as the microchannel radius. The lower

limit Z ¼ 0:3 presented here reflects a reasonable lower

limit, representative of electro-osmotic flow in nano-

channels. Fig. 3 shows that as Z vanishes, the profiles

approximate the parabolic distributions of classical

Poiseuille flow. For decreasing Z the velocity magnitude

decreases, consistent with the average velocity integra-

tions of Eqs. (3) and (4). As the electric double layer

penetrates the core fluid and the excess charge distri-

bution is spread over a larger portion of the channel

cross-section, the induced electro-osmotic velocity

drops. At intermediate values of relative duct radius,

where the source of momentum varies from a concen-

trated source near the duct walls (large Z) to a more

uniformly distributed source (small Z) the velocity

profiles change accordingly.

From Eqs. (1) and (2), the magnitude of the maxi-

mum velocity gradient, jdu=dyjwall, may be expressed

as ðueo=aÞZð1� e�ZÞ and ðueo=aÞZI1ðZÞ=I0ðZÞ for the

parallel plate and circular tube microchannels, respec-

tively. At large Z, the velocity gradient at the wall is

thus proportional to Z for both geometries. The impli-

cation is the existence of a region of extremely high wall-

normal velocity gradient near the wall, which may result

in significant viscous heating for large relative duct

radius.
3. Thermal transport considerations

Considering steady hydrodynamically fully-devel-

oped flow with constant thermophysical properties, the

energy equation simplifies to

k
o2T
ox2

þ k
yn

o

oy
yn

oT
oy

� �
¼ qCu

oT
ox

� se � l
du
dy

� �2

ð5Þ

where n ¼ 0 and 1 for the parallel plate channel and

circular tube, respectively. The case of constant thermo-

physical properties represents a limiting case from which

scenarios involving variable transport properties for

specific fluids will deviate. T is the local temperature and

se is the volumetric generation due to the electrical re-

sistance heating. The last term on the right-hand side of

Eq. (5) is the local volumetric heating due to viscous

dissipation, and is proportional to the square of the

velocity gradient. The total current drawn under electro-

osmotically generated flow is the sum of the so-called

conduction and convection currents. The volumetric

Joule heating se arises from the conduction current only,

and may be accurately modeled using Ohm’s law [15].

Further, for low zeta potential (as is considered here) or

for large channel hydraulic diameter-to-Debye length

ratios, this energy generation is uniformly distributed

across the microchannel cross-section [16]. For electro-

osmotically driven flow then, se ¼ i2er where ie is the

conduction current density (A/m2) and r is the liquid

electrical resistivity (Xm). For an applied potential

gradient along the microchannel axis dU=dx, the volu-

metric energy source due to Joule heating may thus be

expressed as se ¼ ðdU=dxÞ2=r.
Before solving the energy equation, Eq. (5), subject to

either imposed wall heat flux or imposed wall tempera-

ture boundary conditions, it is instructive to examine the

relative magnitudes of total volumetric generation by

viscous and Joule heating. The total energy generated by

Joule heating per channel length is simply Ee ¼ psea2

and Ee ¼ seaw for the circular tube and parallel plate

channel (w is the width of the channel), respectively.

Determination of the total viscous heating requires in-

tegration of the dissipation term in the energy equation

over the channel cross-section. For the circular tube, for

example, this becomes

Ev ¼ l
Z a

0

du
dr

� �2

2prdr ð6Þ

Following integration of Eq. (6), the ratio of viscous to

Joule heating for either channel geometry may be shown

to be of the form

Ev=Ee ¼ SvF ðZÞ ð7Þ

where the function F ðZÞ is shown in Table 1. The di-

mensionless parameter Sv is a measure of the relative

magnitudes of viscous and Joule heating, and is defined



Table 1

Expressions for the functions F ðZÞ and GðY ;ZÞ in Eqs. (7) and

(10)

Parallel plate channel:

F ðZÞ ¼ 3e�2Z

2Z
� 2e�Z

Z
þ e�2Z þ 1

2Z

GðY ; ZÞ ¼ e�2ZY þ e�2Z � 2e�ZðYþ1Þ

Circular tube (for Y ¼ R):

F ðZÞ ¼ I21 ðZÞ
I20 ðZÞ

þ 2

Z
I1ðZÞ
I0ðZÞ

� 1

GðR;ZÞ ¼ I21 ðZRÞ
I20 ðZÞ

Fig. 4. Ratio of viscous to Joule heating ðEv=EeÞ=Sv plotted

vs. Z for the circular tube and parallel plate channel.
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as Sv ¼ lu2eo=sek
2. Since the maximum electro-osmotic

velocity is given by ueo ¼ leoðdU=dxÞ, and the volumetric

Joule heating has been previously shown to be of mag-

nitude se ¼ ðdU=dxÞ2=r, this parameter may be ex-

pressed in terms of more fundamental parameters as

Sv ¼ rll2
eo=k

2. Sv is therefore dependent only on physi-

cal and electro-osmotic properties of the fluid. It is

useful to characterize the range of Sv which might be

encountered in practical electro-osmotic flow applica-

tions. The electrical resistivity, r, varies inversely with

electrolyte concentration [12], and the Debye length, k,
varies inversely with the square root of concentration

[12]. Thus, their net effect on Sv cancels. Consequently,

Sv varies as the square of the electro-osmotic mobility,

which has been observed to decrease with increasing

electrolyte concentration [10,40]. For the range of pa-

rameters reported in the literature, Sv may assume values

with a maximum of the order of 10 [7,10,40]. Values of

Sv may be estimated for specific electro-osmotic flow

applications by measuring combinations of the potential

gradient, electrolyte concentration, conduction current,

and induced flow rate. The Debye length is determined

from the measured electrolyte concentration and valence

number, and fluid temperature [12].

Eq. (7) reveals that the ratio of viscous heating to

Joule heating in an electro-osmotic flow is proportional

to the dimensionless viscous heating parameter Sv. Fig. 4
shows this ratio divided by Sv as a function of Z for both

the circular tube and the parallel plate channel. At the

extremes of the relative radius Z, the viscous heating

becomes negligible in comparison with the Joule heat-

ing. However, at an intermediate value of Z the viscous

dissipation/Joule heating ratio exhibits a maximum. This

occurs at Z 
 2:5 and 3, respectively, for the parallel

plate channel and circular tube. It is also interesting to

note that with peak magnitudes of ðEv=EeÞ=Sv of 0.15–

0.2, and for typical magnitudes of Sv of O(10) or less, the
viscous heating may be as much as 150–200% of the

total volumetric energy generation in the channel, but is

more likely a fraction less than 1. The maximum in the

ðEv=EeÞ=Sv vs. Z behavior may be explained as follows.

At high relative duct radius the wall-normal velocity

gradients are high, but confined to a very small spatial

region near the channel wall. As Z decreases in magni-

tude the velocity gradients also decrease, but the spatial

region affected by the resulting viscous heating increases

more rapidly. At the extreme low values of Z the mag-

nitude of the velocity gradient nearly vanishes, both

because of reduced velocity magnitude and a profile with

small velocity gradients. The maximum in ðEv=EeÞ=Sv at
Z 
 2:5 represents the scenario where the velocity gra-

dient is significant over much of the tube cross-section.

Given that the magnitude of the Debye length is nomi-

nally 10–500 nm, the implication for practical electro-

osmotic flow situations is that viscous heating will

contribute significantly to the total temperature rise of

the fluid only in nanoscale channels.

The case of thermally fully-developed flow is defined

classically by the condition

o

ox
Tw � T
Tw � Tm

� �
¼ 0 ð8Þ

This condition and the resulting implications on the

thermal transport are now treated for both the constant

wall heat flux and constant wall temperature boundary

conditions.
4. Constant wall heat flux

For an imposed constant heat flux boundary condi-

tion ðq00w ¼ constantÞ, the thermally fully-developed

condition of Eq. (8) yields oT=ox ¼ dTm=dx ¼ constant

and o2T=ox2 ¼ 0. Furthermore, an energy balance on

the fluid yields
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q�uuC
dTm
dx

¼ 4q00w
Dh

þ se þ
2nþ2l

Dnþ1
h

Z a

0

du
dy

� �2

yn dy ð9Þ

In the equation above, Dh is the hydraulic diameter.

Again, n ¼ 0 and 1 for the parallel plate microchannel

and circular microtube, respectively. Substituting Eq. (9)

into Eq. (5) and introducing a normalized temperature

h ¼ ðT � TmÞ=ðq00wa=kÞ, yields the non-dimensional en-

ergy equation

Uf2n þ S½1þ SvF ðZÞ
g ¼ 1

Y n

d

dY
Y n dh

oY

� �

þ S½1þ SvGðY ; ZÞ
 ð10Þ

where U ¼ u=�uu, S ¼ sea=q00w, and Sv is as previously de-

fined. The dimensionless parameter S represents the

magnitude of Joule heating compared with the imposed

wall heat flux. The function F ðZÞ is identical to that

which appeared in Eq. (7) and was presented in Table 1.

The dimensionless parameter GðY ; ZÞ is also included in

Table 1 for the parallel plate channel and circular tube.

The boundary conditions associated with the energy

equation are dh=dY ¼ �1 at the wall (with the sign

chosen appropriate to each geometry), and dh=dY ¼ 0 at

the centerline. In practice, one may impose an as-yet-

undetermined wall temperature hw ¼ ðTw � TmÞ=ðq00wa=
kÞ, and the solution of Eq. (10) results in an expression

for h in terms of hw. The unknown wall temperature

hw is then found by evaluating the normalized mixed

mean temperature from its definition:

Z 1

0

UðZ; Y ÞhðZ; Y ÞY n dY ¼ 0 ð11Þ
Table 2

Expressions for the functions A1ðY Þ, A2ðY ; ZÞ, and A3ðY ;ZÞ in the sol

Parallel plate channel:

A1ðY Þ ¼ � Y 2

2

�
� Y

�

A2ðY ;ZÞ ¼
1

Z2
ð1� e�YZÞ � Y 1

�
þ e�Z

Z
� Ze�Z

2

�
þ Y 2

2
� Y 3

6
Ze�Z

A3ðY ;ZÞ ¼
1

Z2

1

4
ðe�2YZ

�
� 1Þ þ 2ðe�Z � e�ZðYþ1ÞÞ

�
� Y e�2Z

�
þ 3e�2Z

2Z

Circular tube (for Y ¼ R):

A1ðRÞ ¼ �1
4
ðR2 � 1Þ

A2ðR;ZÞ ¼
1

Z2
1

�
� I0ðRZÞ

I0ðZÞ

�
þ 1

4
ðR2 � 1Þ

A3ðR;ZÞ ¼
1

2
1

�
� I21 ðZÞ
I20 ðZÞ

�
þ 1

2Z
R
I1ðRZÞI0ðRZÞ

I20 ðZÞ

�
� I1ðZÞ
I0ðZÞ

�
þ 1

2Z2

I20 ðR
I20 ð

�

Substituting the normalized velocity UðY ; ZÞ for electro-
osmotic flow, and the functions F ðZÞ and GðY ; ZÞ in

Eq. (10), and integrating twice yields the following gene-

ral expression for the temperature distribution

h � hw ¼ 2n þ S½1þ SvF ðZÞ

U eo

A2ðY ; ZÞ

þ S½A1ðY Þ � SvA3ðY ; ZÞ
 ð12Þ

where the functions A1ðY Þ, A2ðY ; ZÞ, and A3ðY ; ZÞ are

shown in Table 2 for both channel configurations. Note

that the product SSv describes the relative magnitudes

of viscous heating and the imposed wall heat flux.

The fully-developed Nusselt number may be ex-

pressed generally as

Nu ¼ q00wDh

kðTw � TmÞ
¼ Dh

a
1

hw

ð13Þ

and can thus be determined in terms of S, Sv, and Z from

the wall temperature hw. In practice, Eq. (11) was inte-

grated numerically to determine hw using the trapezoidal

rule for a specified S, Sv, and Z using a spatial interval

DY ðDRÞ ¼ 0:001. The accuracy of the numerical inte-

gration was validated to better than 1% by comparison

with several classical solutions for no volumetric Joule

and no viscous heating: (1) for a Poiseuille (parabolic)

flow velocity profile, Nu ¼ 8:23 and 4.36 for the parallel

plate channel and circular tube, respectively [41]; and (2)

electro-osmotic flow approaching a slug-flow condition

as Z ! 1, Nu ¼ 12 and 8, respectively, for the two geo-

metries [41]. The Nusselt number dependence on S, Sv,
ution for dimensionless temperature, Eq. (12)

�

ZÞ
ZÞ � 1

�
� R2

2

I20 ðRZÞ
I20 ðZÞ

�
� I21 ðRZÞ

I20 ðZÞ

�
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and Z will be explored over their full ranges in the sec-

tions to follow.

Previously, the range of the dimensionless viscous

heating parameter which might be encountered in typi-

cal electro-osmotically generated flow was characterized.

It is important to explore the practical range of S for

such a flow as well. Substituting the expression for se,
the dimensionless Joule heating parameter becomes

S ¼ i2era=q
00
w. Thus, the applicable extremes for this pa-

rameter are S ! 0 for vanishing Joule heating and/or

large imposed wall heat flux, and S ! 1 for insulated

microchannel conditions approaching an adiabatic

boundary. Thus S may realistically take on any positive,

finite value (assuming only positive values of q00w con-

sistent with practical fluid heating conditions), although

very large values of S are unlikely in realistic applica-

tions.

Figs. 5 and 6 plot the fully-developed Nusselt num-

bers as a function of Sv for four values of the relative

duct radius Z, and S ranging from 0.1 to 100 for the
Fig. 5. Fully-developed Nusselt number in the circular channel

with an imposed constant heat flux (fluid heating) plotted vs.

the viscous heating parameter, Sv, for Z ¼ 0:3, 3, 30, and 300,

and S ¼ 0:1, 1, 10, and 100.

Fig. 6. Fully-developed Nusselt number in the parallel plate

channel with an imposed constant heat flux (fluid heating)

plotted vs. the viscous heating parameter, Sv, for Z ¼ 0:3, 3, 30,

and 300, and S ¼ 0:1, 1, 10, and 100.
circular tube and parallel plate channel, respectively.

Note that the Nusselt number behavior is shown for

values of Sv as high as 100 in order to illustrate fully the

influence of viscous dissipation. However, as discussed

previously, for practical electro-osmotically generated

flows Sv is of order 10 or less. For both geometries the

qualitative behavior is similar. As Sv ! 0 viscous heat-

ing effects vanish, and the Nusselt number approaches

values dependent only on S and Z, as reported previ-

ously in a study neglecting viscous dissipation [37]. In-

deed, the analysis reveals that for Sv < 0:1 the influence

of viscous dissipation is negligible for all S and Z. As

Z ! 1, the Nusselt number approaches the classical

slug-flow results for both the circular tube and parallel

plate channel (Nu ¼ 8 and 12, respectively), regardless of

the magnitudes of S and Sv. At a sufficiently high value

of Sv, the Nusselt number departs from the no-viscous-

heating asymptote for all finite relative duct radii. The

threshold value of Sv at which departure occurs de-

creases for larger Joule heating (increasing S). Further,



Fig. 8. Fully-developed Nusselt number in the parallel plate

channel with an imposed constant heat flux (fluid heating)

plotted vs. Z for S ¼ 1 and 10, and Sv ¼ 0:1, 1, and 10.
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the deviation from the Sv ! 0 condition is dependent on

the relative duct ratio Z, and it occurs at slightly lower Sv
for the parallel plate channel than for the circular tube.

Interestingly, for a given value of S, the magnitude of Sv
at which deviation from the no-viscous-heating asymp-

tote is lowest for some intermediate value of Z 
 3. This

corresponds to the observed critical point in the

ðEv=EeÞ=Sv vs. Z distribution observed in Fig. 4.

The dependence of the fully-developed Nusselt

number on the relative duct radius for two values of the

dimensionless Joule heating parameter S, and the vis-

cous heating parameter Sv in the range 0.1–10 is shown

in Figs. 7 and 8 for the circular tube and parallel plate

channel, respectively. These values of dimensionless

parameters are representative of what might be expected

in typical electro-osmotic flows with finite wall heat flux.

As noted previously, for Z ! 1 (slug flow) the fully-

developed Nusselt number approaches 8 and 12, re-

spectively, for the circular tube and parallel plate

channel at all values of S and Sv. As Z increases, al-

though the velocity gradients increase significantly, the

spatial region affected by viscous heating shrinks and

vanishes in the limit as Z ! 1. At low values of Z the

velocity profile mimics the classical Poiseuille flow, and

the Nusselt number exhibits asymptotic behavior toward

values that are dependent only on S. For this limiting

case the results presented here approach those for a

Poiseuille flow with uniform volumetric heating [42]. At

these low values of Z the wall-normal gradients of ve-
Fig. 7. Fully-developed Nusselt number in the circular tube

with an imposed constant heat flux (fluid heating) plotted vs. Z
for S ¼ 1 and 10, and Sv ¼ 0:1, 1, and 10.
locity are small, and viscous dissipation becomes im-

portant only for unrealistically large values of Sv (e.g.,

unattainable electro-osmotically induced velocities). For

sufficiently small Sv the Nusselt number transition be-

tween the low-Z and high-Z asymptotic limits is mono-

tonic. As noted previously, the influence of viscous

dissipation is negligible for Sv < 0:1, and the Nusselt

number’s dependence on S and Z reproduces the results

reported previously [37]. For Sv > 0:1 the Nusselt

number deviates from this behavior at intermediate

values of Z. This effect is more pronounced at increasing

S and Sv. There exists a local minimum in the Nusselt

number’s dependence on Z, where Nu is lower than the

low-Z asymptotic value. This again corresponds to the

relative duct radius at which viscous heating is most

pronounced. This may be explained by the fact that in

the absence of viscous heating the Nusselt number is

seen to decrease with increasing Joule heating (increas-

ing S) due to a rise in the wall temperature relative to the

mixed mean temperature. Increases in Sv represent ad-

ditional, although non-uniformly spatially distributed,

volumetric heating. Again, from a practical perspective,

the results indicate that viscous heating will exercise

influence on heat transfer principally in nanoscale

channels, and for high Joule heating and large value of

the viscous heating parameter Sv.
Fig. 9 shows local dimensionless temperature profiles

in the circular tube for a relative duct ratio of Z ¼ 30 for

S ¼ 1, 10, and 100 and Sv ¼ 0:1, 1, and 10. The behavior

for the parallel plate channel is qualitatively similar, and



Fig. 9. Non-dimensional temperature distributions in the cir-

cular tube for S ¼ 1, 10, and 100, Sv ¼ 0:1, 1, and 10 and

Z ¼ 30. (Note the change of scale on the lower panel.)

Fig. 10. Non-dimensional temperature distributions in the cir-

cular tube for S ¼ 1, Sv ¼ 1 and 10, and Z ¼ 0:3, 3, 30, and 300.
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is not shown here. For S ¼ 1 the influence of viscous

dissipation is entirely negligible for Sv < 1, and exer-

cises little impact for Sv as high as 10. There is greater

variation in the local temperatures across the tube cross-

section with increasing S and Sv. Although the normal-

ized wall temperature gradient is constant, dh=dRjR¼1 ¼
1, the wall temperature increases both with increasing

Joule heating (S) and viscous heating (Sv). The influence
of viscous heating is most pronounced for the S ¼ 100

and Sv ¼ 10 case (bottom panel; note scale change). For

such, the temperature variation across the channel can

be significant.

The local dimensionless temperature is plotted in Fig.

10 for S ¼ 1 for the relative duct radius in the range

0:36 Z6 300 and for Sv ¼ 1 and 10. Again, results for

the parallel plate channel are qualitatively similar. The

upper panel illustrates that at Sv ¼ 1 the temperature

distributions for Z ¼ 0:3 and 3 are quite similar, as are

those for Z ¼ 30 and 300. As was seen in the lower panel

of Fig. 7 and discussed previously, the Nusselt number is

approximately independent of Z for S ¼ 1 at the low-

and high-magnitude extreme values of the relative duct

radius. One would therefore expect very little change in

the local temperature profile at the two extremes. For
increasing viscous dissipation parameter (Sv ¼ 10), only

the Z ¼ 3 case differs appreciably from the Sv ¼ 1 pro-

files in the upper panel. This case now shows the largest

variation in dimensionless temperature across the tube

radius, with the highest wall temperature, resulting from

the increased contribution of viscous heating at this

relative duct radius.
5. Constant wall temperature

The differential equation governing thermal transport

with uniform wall temperature is identical to that for the

imposed constant wall heat flux, Eq. (9). However, the

thermally fully-developed condition is stated oT=ox ¼
�hðdTm=dxÞ. For constant imposed wall temperature,

the temperature field far downstream reaches an as-

ymptotic condition where the temperatures cease to

change, and therefore, dTm=dx ¼ 0. In this case, all en-

ergy generated volumetrically both by Joule and viscous

heating is dissipated at the tube wall. Consequently, the

imposed uniform wall temperature boundary condition

yields a uniform wall heat flux, albeit negative with re-

spect to direction (fluid cooling). Thus, retaining the

same temperature normalization as in the constant wall

flux condition is appropriate ½h ¼ ðT � TmÞ=ðq00wa=kÞ
,
and the solution for the temperature distribution is

h � hw ¼ S½A1ðY Þ � SvA3ðY ; ZÞ
 ð14Þ

The expressions for A1ðY Þ and A3ðY ; ZÞ in Eq. (14) are

identical to those for the constant wall heat flux solu-

tion, Eq. (12), found in Table 2. Indeed, the solution for

h � hw (where hw is unknown, and must be determined



Fig. 11. Dependence of S on Sv necessary to maintain a con-

stant wall temperature boundary for Z ¼ 0:3, 3, 30, and 300.

Fig. 12. Fully-developed Nusselt number for a constant wall

temperature boundary condition (fluid cooling at a constant

heat flux) plotted vs. Z for Sv ¼ 0:1, 1, 5, and 10, for the parallel

plate channel and the circular tube.
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by evaluating the mixed mean temperature) in the con-

stant wall temperature boundary condition is identical

to the solution for the constant wall heat flux case with

the exception that the numerator of the first term on the

right-hand side of Eq. (12) vanishes. This term arises

from the finite mean temperature gradient in Eq. (9).

For the constant wall temperature boundary condition

the asymptotic condition is dTm=dx ¼ 0, and all energy

generated volumetrically by combined Joule and viscous

heating is dissipated at the wall. Thus, an overall energy

balance reveals that the total volumetric energy gener-

ation is dissipated by fluid convective cooling at the wall.

For such a condition the energy balance yields the fol-

lowing relationship

S ¼ � 2n

1þ SvF ðZÞ
ð15Þ

where S and Sv are defined as before for the constant wall

heat flux boundary. Again, n ¼ 0 and 1 for the parallel

plate channel and circular tube, respectively, and the

expression for F ðZÞ is shown in Table 1 for both tube

geometries. Note that for the constant wall temperature

boundary condition S and Sv are not independent; a

constant wall temperature condition is only possible for

values of S and Sv which satisfy Eq. (15) for a given value

of Z. Further, since the dimensionless Joule heating is

defined as S ¼ sea=q00w, Eq. (15) confirms that for the

constant wall temperature boundary condition (where

the wall flux is negative due to fluid cooling), S is always

negative. Under constant wall temperature conditions

Eq. (15) may be viewed as an indirect expression for the

magnitude of the wall flux where the effects of both

electro-osmotic Joule heating (for a given se) and viscous

dissipation (for a given k) are included. The dependence
of S on Sv and Z is shown in Fig. 11 for the two channel

configurations studied. As may be seen, the asymptotic

values for S at vanishing Sv (no influence of viscous

heating) are S ¼ �1 and�2 for the parallel plate channel

and circular tube, respectively, as reported previously

[37]. Fig. 11 reveals that for Sv sufficiently large, S devi-

ates from the Sv ! 0 asymptote. The magnitude of Sv at
which departure from the low-Sv limit is smallest for the

critical value of relative duct radius, Z 
 3, as observed in

Fig. 4. At higher and lower values of Z the departure

occurs for larger Sv. Eq. (15) indicates that as Sv ! 1,

S ! 0 for any value of Z. However, recall that in prac-

tical electro-osmotic flows Sv is of order 10 or less and

thus, the effects of viscous heating are felt primarily for

low values of the relative duct radius, and principally

for Z 
 3.

Substitution of Eq. (15) into Eq. (14) reveals that

h � hw is independent of S, exhibiting dependence only

on Sv and Z. Correspondingly, the Nusselt number de-

pends only on Sv and Z. For the constant wall temper-

ature condition, Fig. 12 illustrates the dependence of the
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Nusselt number on relative duct radius Z for four values

of Sv for both channel geometries. In the limit as

Z ! 1, the Nusselt number approaches the classical

slug-flow results independent of the magnitude of Sv, as
described previously. The asymptotic limit for small Z is

the Nusselt number corresponding to a uniform wall

temperature with fluid cooling at a constant (negative)

wall flux, and is also independent of Sv. At low-Z the

velocity gradients are too low to generate appreciable

viscous heating; at high-Z where significant gradients

occur, they are confined to vanishing area in the chan-

nel. In contrast to the results for the constant heat flux

boundary condition with fluid heating, the Nusselt

number increases for increasing Sv at intermediate values

of Z. This behavior reflects an increasing magnitude of

the wall heat flux (for a fixed wall temperature, Tw) as-
sociated with higher viscous heating. Note that for

Z 
 4–7, a maximum in the Nusselt number exists for

sufficiently high Sv. Contrast this behavior with the ob-

served minimum Nusselt number in Fig. 10 for the case

of fluid heating. At these intermediate values of Z
the Nusselt number may be significantly higher with

viscous dissipation. For example, at Sv ¼ 10 the maxi-

mum Nusselt number is approximately 80% higher

than in the case of vanishing viscous heating. Interest-

ingly, the maximum occurs at a relative duct radius

somewhat greater than that corresponding to the mini-

mum Nu observed for the heat addition problem (Fig.

10).
6. Conclusions

The influence of viscous dissipation on thermally

fully-developed, electro-osmotically generated convec-

tive transport has been analyzed for a parallel plate

microchannel and circular microtube under imposed

constant wall heat flux and constant wall temperature

boundary conditions. For large ratio of the microtube

radius (or microchannel half-width) to Debye length, the

wall-normal fluid velocity gradients can be extremely

high, which has the potential for significant viscous

heating. The solution for the fully-developed, dimen-

sionless temperature profile and corresponding Nusselt

number have been determined for both geometries and

for both boundary conditions. The problem is governed

by three dimensionless parameters: the relative duct ra-

dius (ratio of the duct radius or plate gap half-width to

Debye length), the dimensionless volumetric source

(ratio of Joule heating to imposed wall heat flux), and a

dimensionless parameter that relates the magnitude of

the viscous heating to the Joule heating. This dimen-

sionless parameter is dependent only on thermophysical

and electro-osmotic properties of the fluid/channel

combination; the parameter increases directly with fluid

electrical resistivity, viscosity, and electro-osmotic mo-
bility, and exhibits an inverse relation with the Debye

length. It is shown that the influence of viscous dissi-

pation is only important at large values of the dimen-

sionless viscous heating parameter, and is significant

only for low relative duct radii. For practical electro-

osmotic flow/heat transfer applications, the effect of

viscous heating on temperature distribution and Nusselt

number is likely only for nanoscale channels. For such

cases, viscous heating decreases the Nusselt number for

the constant wall heat flux boundary condition (with

fluid heating), and increases the Nusselt number for the

constant wall temperature scenario.
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